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The normal modes and the melting character of a bilayer system consisting of binary charged particles with
different charge and/or different mass, interacting through a Coulomb potential and confined in a parabolic trap
are investigated. The normal mode spectrum is discussed as a function of the charge ratio �CR� and mass ratio
�MR� of the two kinds of charged particles as well as the interlayer separation. We show that the dependence
of the normal modes on the excited states can be tuned by varying the CR, the MR, and the interlayer distance.
Once the interlayer distance is larger than a critical value, the first excited state corresponds only to the
intershell rotation mode. In addition, the intershell rotation melting temperature is discussed as a function of
the CR and MR as well as the interlayer separation.
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I. INTRODUCTION

There has been considerable progress in theoretical and
experimental studies of the properties of a cluster containing
classical particles trapped in a two-dimensional artificial ex-
ternal potential during recent decades �1–8�. The theoretical
models are applicable to many real systems such as dusty
plasmas �1,2�, electrons in the top surface of liquid helium
�3–6�, colloidal suspensions �7�, electrons in quantum dot
structures �8�, etc. The characteristics of systems consisting
of one-component particles has been investigated both theo-
retically and experimentally in many previous studies
�9–26�. A remarkable diversity of new binary structures has
been obtained in a recent experiment studying confined op-
positely charged particles �27�. For binary single-layer sys-
tems, the possibility of predicting the appearance of inter-
shell rotation based on the configuration and the number
ratio of two types of particle has been discussed theoretically
�28,29�. Furthermore, the important parameters �e.g., the
charge ratio �CR� and mass ratio �MR� of the two kinds of
particles� determining the occurrence of a structural phase
transition �30� and the melting behavior of a two-
dimensional �2D� binary cluster confined in hard-wall traps
�31� have been studied in detail. For one-component bilayer
systems, the structure and dynamical properties as well as the
melting characteristics of both the classical bilayer Coulomb
cluster �32� and the classical bilayer crystal of dipoles �33�
have been adequately studied. This work indicates that the
dynamical properties of bilayer systems are strongly inde-
pendent of the interlayer distance and the density of particles
in each layer.

The main purpose of this work is to investigate the normal
modes of an artificial bilayer system with the same number

of particles in each layer trapped by a parabolic confinement
potential. The particles in each layer form a configuration
with a clear single shell. We want to find the relations be-
tween the normal modes, melting properties, and dominant
parameters of the system. One of the most important normal
modes is the intershell rotation �ISR� which usually corre-
sponds to the first excited state of a small single-layer system
consisting of one-component particles confined in a para-
bolic trap �20�. In this work, we consider a bilayer system
consisting of two types of charged particles �with different
charge or mass� distributed one in each of two layers. We
find that the normal modes and the rotation melting between
the two shells of the system can be adjusted by changing the
CR and MR of the two species of particles as well as the
interlayer separation, so that the dynamical character of the
particles in one layer can be determined by the properties of
the particles in the other layer. It should be noticed that the
structural transition behavior of binary particles in a single
layer has been studied adequately in Ref. �30�. In the current
work, we do not consider the structural transition occurring
at small interlayer separation where the shell structure can be
destroyed.

The paper is organized as follows. In Sec. II our model for
a bilayer system consisting of binary charged particles is
introduced and the numerical process for finding the energy
and normal spectral of the ground state configurations is de-
scribed. In Sec. III the results for the normal modes and
melting temperature of the bilayer system with different CR
and MR of the two types of particles are shown. In Sec. IV
the conclusion is given.

II. MODEL

We consider an ideal model of a bilayer system which
consists of N=NA+NB charged particles. There are NA �NB�
particles with charge qA �qB� and mass mA �mB� located in
layer A �B�. The interlayer distance is l. The interparticle
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interaction is a pure Coulomb potential and all particles are
trapped by a parabolic confinement potential. The Hamil-
tonian of the system is given by

H = Htr
A + Htr

B + Hcc
A + Hcc

B + Hcc
AB

= �
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where Htr
A�B� describes the parabolic potential confining NA�B�

charged particles, Hcc
A�B� represents the interaction potential of

type A �B� particles, Hcc
AB is the interaction potential between

the two kinds of particles, � is the dielectric constant, ri
= �ri� is the distance of the ith particle from the center of the
confinement potential, �rii��= �ri−ri�� denotes the distance be-
tween the particles i and i� in the same layer, and �r̃ij�= ��ri
−r j�2+ l2�1/2 indicates the distance between the ith particle in
layer A and the jth particle in layer B. We rewrite the energy
and the distances in units of E0= �mA�0

2qA
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where �=qB /qA describes the CR and �=mB /mA denotes the
MR. To obtain the ground state configuration of the system,
we use the standard Monte Carlo simulation �with the Me-
tropolis algorithm� �34�. The one with the lowest energy
from the stable states obtained is taken as the ground state
configuration. To check the stability of a configuration, we
calculate the eigenvalues of the dynamical matrix defined as

H��,ij =
�2H

�r�,i�r�,j
, �3�

which gives the square of the frequencies of the normal
modes of the system �� ,�=x ,y, and i , j denote the particle
indices�, where the Householder diagonalization technique is
used �20�. When all the squared frequencies are positive, the
configuration is taken as a stable state.

III. NUMERICAL RESULTS

In this section, we will present the results for the normal
modes of a system with N=4,6 ,8 ,10 particles, where we

FIG. 1. �Color online� �a� HFM for the cluster of C3,3 with l=0.5 and �b� LNFM for the cluster of C4,4 with l=1 as functions of �. The
insets indicate the normal modes in different regions of �. The particles in layers A and B are denoted by big blue �dark gray� and small
orange �light gray� balls, respectively.

LU, LI, AND WU PHYSICAL REVIEW E 78, 041401 �2008�

041401-2



focus on the characteristics of the lowest nonzero frequency
mode �LNFM� and the highest frequency mode �HFM�. Then
we will describe the shearlike and compressionlike modes of
the system with N=6 and 8 particles. Finally, we pay atten-
tion to the intershell rotation melting of the system with N
=4,6 ,8 ,10 particles.

A. Lowest nonzero frequency mode and highest frequency
mode

For a system consisting of any number of particles
trapped in a parabolic potential, the rotation of the whole
system mode �RSM� corresponds to the lowest frequency
�=0. Meanwhile, if all particles have identical mass, the
system has the frequency �=�2 which corresponds to the
center of mass mode �CMM�. It is obvious that the RSM and
CMM are independent of the CR of the two kinds of par-
ticles. Here, we concentrate on the lowest nonzero frequency
mode and the highest frequency mode of the system.

From the work in Ref. �20�, the ISR is found as the
LNFM of the cluster containing a small number of particles.
For the current bilayer system, the LNFM corresponds not
only to the ISR but also to the formation of a vortex-
antivortex pair �VAP�. Figure 1�b� shows the LNFM for the
system C4,4 �in the form CNA,NB� at the interlayer distance l
=1 as a function of the CR of the two kinds of particles. The
normal modes in each region of � are shown in the insets.
We find that the LNFM corresponds to ISR in region I and
III, and to a VAP in region II with distinct shell configura-
tions. In region I, the LNF increases with �, due to the effect
of the interlayer repulsive interaction, i.e., the difference of
the radius of the two shells decreases with increasing �, and
consequently the coupling between the two layers becomes
stronger and the energy needed to excite the intershell rota-
tion mode becomes larger. The opposite feature is shown in

region III, where the LNF decreases with increasing �. This
behavior can be understood through the fact that, as the sepa-
ration of the two shells increases with the value of �, the
coupling between the layers becomes weaker, which leads to
decreasing energy exciting the ISR. This feature is also ob-
served for other systems of N=4,6 ,10 particles.

Similarly, in Fig. 1�a� we show the HFM as a function of
� for the system C3,3 at l=0.5. Usually, the HFM is the
breathing mode for very small single-layer systems �23�. In
our system, as shown in the insets of Fig. 1�a�, only regions
I and III correspond to the breathing mode, while region II
corresponds to a localized relative motion of two pairs of
particles due to the strong restoring force coming from the
change of the interparticle distance.

To analyze the effect of the interlayer distance on the first
excited state, we plot the boundary values of � distinguishing
ISR and non-ISR of the LNFM for the system C4,4 as a
function of l in Fig. 2. We can see that, when the interlayer
separation is small, only very small and very large values of
� correspond to ISR, while the middle range of � corre-
sponds to other formations �e.g., the VAP shown in the in-
sets�. With the increase of l, the range of � corresponding to
ISR becomes wider. Once the interlayer separation is above a
critical value, the mode of non-ISR disappears, and the
LNFM corresponds only to ISR, no matter the value of �.
That feature results from weak coupling between the two
layers at large l. Similarly, we can expect that, once the in-
terlayer distance is large enough, the HFM only corresponds
to the breathing mode. Because to the LNF is closely linked
to the stability of the ground state configuration and the melt-
ing properties of the system �20,30�, we can say that the
stability of the bilayer system depends not only on the CR of
the two kinds of particles, but also on the interlayer separa-
tion.

For the system C4,4, the critical value of the interlayer
distance lc where the non-ISR begins to disappear is 1.191.
The relation between the critical value and the size of the
system is shown in Fig. 3. In the plot, the curves with dif-

FIG. 2. �Color online� Critical values of � distinguishing the
ISR and the non-ISR of the LNFM as a function of the interlayer
separation for a cluster of N=8 particles. The normal modes corre-
sponding to different regions of � at certain interlayer distances are
shown in the insets. The particles in layers A and B are denoted by
big blue �dark gray� and small orange �light gray� balls,
respectively.

FIG. 3. �Color online� Critical value of the interlayer distance
where the non-ISR disappears as a function of N for different ratios
of numbers between the particles in layer A and the particles in
layer B.
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ferent styles indicate the systems C2,Nb, C3,NB, C4,NB, and
C5,NB, respectively. For the system C2,NB, as an example, lc
decreases with increasing size of the system �i.e., increase of
the number NB� except for the systems C2,4 and C2,6. Similar
characteristics can be found in the systems C3,NB, C4,NB, and
C5,NB. We find that lc

2,4 �in the form of lc
NA,NB� and lc

2,6 are
larger than lc

2,3 and lc
2,5, in the respect that, at a certain inter-

layer distance, a ringlike bilayer structure with compatible
numbers of particles located in different shells is more stable
against ISR motion �i.e., the ratio of NB to NA is integer�. A
similar feature is also presented as lc

3,6� lc
3,5. Furthermore,

we find that the behaviors of lc still keep to the above rule
even for systems with the same number of total particles,
such as lc

3,6� lc
4,5, lc

4,4� lc
3,5, lc

2,6� lc
3,5, and lc

5,5� lc
4,6. In addi-

tion, although both systems C2,4 and C3,3 have compatible
numbers of particles, but we find that lc

3,3� lc
2,4, and a similar

behavior is also represented as lc
4,4� lc

2,6. That feature tells us
that a system with the same number of particles in each shell
is more stable against ISR motion than other bilayer systems
in ringlike configurations with the same N at a certain inter-
layer separation.

Then we will discuss the behaviors of the HFM and
LNFM for systems consisting of particles with different
masses. As an example, Fig. 4�a� shows the HFM as a func-
tion of � for the system C5,5 at the interlayer distance l=1.

According to the different modes, the interval of � is divided
into three regions. The regions I and III correspond to the
breathing mode, while region II corresponds to the localized
relative motion. When l is large enough, the HFM should
only correspond to the breathing mode, which is similar to
the relation between HFM and �. The LNFM as a function of
� for the system C4,4 at the interlayer separation l=1 is
shown in Fig. 4�b�. The interval of � is divided into five
regions according to the normal modes in each region. Re-
gions I and V correspond to the ISR, while regions II, III,
and IV correspond to different types of the formation of VAP
as shown in the insets. Be analogous to the case of different
CR, a similar behavior can be also found in the relation
between the interlayer distance and the critical values of �
distinguishing the ISR mode of LNFM or the breathing mode
of HFM. Furthermore, the feature of the stability against the
ISR motion for varying MR is also similar to the condition of
variable CR as shown in Fig. 3.

B. Shearlike and compressionlike modes

For separating the compressional and shear contributions
of the LNFM and HFM, we consider the z component of the
rotor 	r�k�=ez · rot 	�k� and the divergence 	d�k�
=div 	�k� of the field of eigenvectors for different modes k
�21�,

FIG. 4. �Color online� �a� HFM for a system of N=10 particles and �b� LNFM for a system of N=8 particles as functions of �. The insets
indicate the normal modes in different regions of �. The particles in layers A and B are denoted by big blue �dark gray� and small orange
�light gray� balls, respectively.
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where rs

 is the coordinate of the sth neighboring particle to

the ith particle in layer 
 �
=A ,B�. S is the number of the
neighbors. �i


�k� is the eigenvector of the ith particle in layer

 for mode k.

As an example, Fig. 5 shows the rotor and divergence as
functions of � for the two representative modes: the first
excited state and the highest excited state, of the system C3,3

at the interlayer separation l=1.3. Here each normal mode
corresponds to the same mode of motion for different values
of � by using particular interlayer distance. It is obvious that
	r


�k=12��0 and 	d

�k=2��0 �
=A ,B�, and both of them

are almost independent on the CR �also independent on the

MR, as shown in Fig. 6�. This feature indicates that the
shearlike modes are mainly activated with lower frequency
and the compressionlike modes are mostly excited with
higher frequency, which also occurs in single layer cluster of
charged particles �23,24�. We know from Fig. 5�a� that, with
the increasing value of �, the rotor 	r

B�k=2� decreases ex-
ponentially, which is similar to the behavior of the diver-
gence 	d

B�k=12�, due to the increasing interparticle interac-
tion, while the value of 	r

A�k=2� increases since the
decreasing ratio of the radius of shell A to shell B. Figure
5�b� represents an unexpectable nonmonotone changing of
	d

d�k=12�. The divergence for the highest excited state
changes sharply when � begins to increase from zero, and
then tardily decreases a little until it continues to increase
again along with �. That nonmonotonic feature comes from
the strong restoring forces between the particles in layers A
and B, and it can be enhanced by reducing the interlayer
separation and lowered by increasing the interlayer distance
until the interlayer coupling is weak enough that the diver-
gence can become monotonic. We also find that, at �=1,
	r

A�k=2�=	r
B�k=2��	d

A�k=12�=	d
B�k=12�, since the in-

tralayer interactions of particle A and particle B are identical.
Similar characteristics can also be found in the systems C2,2,
C4,4, and C5,5.

Similarly, we give the rotor and the divergence as func-
tions of � for the two modes �k=2,16� of the system C4,4 at
the interlayer separation l=2 in Fig. 6. The method of choos-
ing the interlayer distance is the same as for different � men-
tioned above. From the figure we also find that 	r


�k=16�
�0 and 	d


�k=2��0, which are independent of �. We find

FIG. 5. �Color online� Distribution of �a� the rotor 	r

 and �b�

the divergence 	d

 as functions of � for the first excited state

�k=2� and the highest excited �k=12� state of the system C3,3 at
l=1.3. The normal modes for k=2,12 with 
=A ,B for different
values of � are shown in the insets.

FIG. 6. �Color online� The distribution of �a� the rotor 	r

 and

�b� the divergence 	d

 as a function of � for the first excited state

�k=2� and the highest excited �k=16� states of the system C4,4 at
l=2. The normal modes for k=2,16 with 
=A ,B for different val-
ues of � are shown in the insets.
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from Fig. 6�a� that the value of 	r
B�k=2� increases with �

�almost linearly in some regions of �� due to the increasing
confinement potential. Although the mass of particle A is
invariable, the rotor decreases with increase of �, owing to
the increasing ratio of the radius of shell A to that of shell B.
Figure 6�b� tells us that the value of 	d

B�k=16� increases
along with � and the value of 	d

A�k=16� decreases accord-
ingly. There is an interesting behavior of the divergence:
	d

B�k=16��0 in the region of �0.8 and jumps near �
=1. In contrast, the value of 	d

A�k=16� decreases slowly
when �0.8 and jumps down to zero near �=1. Similar

behavior can also be found in the systems C2,2, C3,3, and
C5,5. By making use of this feature, the divergence of a shell
in a layer for a high excited state can be adjusted between the
two steps by changing the mass of the particles in the other
layer.

The characteristics of the rotor and the divergence of the
field of eigenvectors for the bilayer system mentioned above
indicate that, at a certain interlayer distance, the shearlike
mode and the compressionlike mode of the particles in one
layer can be adjusted by changing the charge or the mass of
another kind of particle in the other layer.

FIG. 7. �Color online� �a�–�d� Intershell rotation melting temperature for varying interlayer distance l and CR for the systems C2,2, C3,3,
C4,4, and C5,5. �e�, �f� Intershell rotation melting temperature as a function of � for different systems at certain interlayer separations
�l=1,1.5�.
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C. Intershell rotation melting temperature

For a system consisting of only two shells located one in
each of two layers, one of the simplest melting styles is
intershell rotation melting. By using the harmonic approxi-
mation, we define the melting temperature for the intershell
rotation as

Trm

� = �N
	�

i

N


�i
−2�

k=2

2N
1

S�
s=1

S
��i


�k� − �s
��k��2

�k
2 
−1

, �6�

where ��0.1 is the modified Lindemann melting criterion
for 2D Wigner crystals �20,35–37�, and �i is the mean angu-

lar interparticle distance for the ith particle in the shell con-
sisting of N
 particles in layer 
. The sum over s involves
the S neighbor particles in shell � for the ith particle in shell

. The angular displacement is denoted by

�i

����k� � tan−1	�i


����k� · ci

�ri

����


 , �7�

where �i

����k� is the displacement vector for the ith particle

with mode k in the layer 
��� �
 ,�=A ,B�, and ci is a unit
vector satisfying the relation ri ·ci=0.

FIG. 8. �Color online� �a�–�d� Intershell rotation melting temperature for varying interlayer distance l and MR for the systems C2,2, C3,3,
C4,4, and C5,5. �e�, �f� Intershell rotation melting temperature as a function of � for different systems at certain interlayer separations
�l=1,1.5�.
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Figures 7�a�–7�d� show the intershell rotation melting
temperature Trm as a function of the interlayer distance l and
the CR for the systems C2,2, C3,3, C4,4, and C5,5, respectively.
For each system, the range of l is chosen to keep the ringlike
configuration �i.e., there is no structural phase transition oc-
curring in the system�. From Fig. 7 �for system C2,2�, we find
that Trm decreases with increasing l at a fixed � due to the
reducing intershell interaction. The same characteristics can
be also found in Figs. 7�b�–7�d�. Figure 7�e� describes Trm as
a function of � at l=1. We know that, at small and large
values of �, Trm

2,2�Trm
3,3�Trm

4,4�Trm
5,5 �in the form of Trm

NA,NB�,
while that relation is always ensured when l is large enough
�e.g., l=1.5 as shown in Fig. 7�f��. This feature means that
the two shells with more particles usually have a lower in-
tershell rotation temperature at certain interlayer distances.
We also find that, in principle, the � occurring at the maxi-
mum value of Trm is not always �=1, where intuitionally
more energy is needed to excite intershell rotation motion,
and there will be a shift toward larger values of � with in-
creasing l �see also Figs. 7�e� and 7�f��. This behavior results
from the variation of LNFM along with l.

Then we give the Trm for varying l and � in Fig. 8. Fig-
ures 8�a�–8�d� show Trm for the systems C2,2, C3,3, C4,4, and
C5,5, respectively. We find that at a fixed � the Trm decreases
with increasing l, which is similar to the case of varying the
CR. Figures 8�e� and 8�f� show Trm as a function of � for
different l. At a certain interlayer distance �e.g., l=1, as
shown in Fig. 8�e��, the relation Trm

2,2�Trm
3,3�Trm

4,4�Trm
5,5 is

found in the regions of small and large �. When l is large
enough �e.g., l=1.5, as presented in Fig. 8�f��, the relation is
always ensured, coinciding with the condition of varying
CR. At small interlayer separation, the maximum of Trm cor-
responds to �=1, while the peak position will shift toward
zero with increasing value of l, which is in contrast to the
results for varying �.

The characteristics of Trm show that intershell rotation
melting can be adjusted by varying the CR and MR of the
two kinds of particles located in the two layers, as well as the
interlayer separation.

IV. CONCLUSION

The normal modes and the melting properties of a bilayer
Coulomb system consisting of two kinds of charged particles
with different charges or masses located, respectively, in two
layers trapped by a parabolic confinement potential are in-
vestigated. The particles are kept in ringlike configurations
by the use of particular interlayer separations.

For studying the dynamical properties of a 2D Coulomb
cluster within a single layer, many setups have been perfectly
designed �9,11–15,17,18,23�. The experimental setup we
model in this paper can be conceptually realized by two
kinds of charged particles trapped each into one of two trans-
parent slippery plates with shallow homocentric circular
parabolic troughs. The sketch of the setup is shown in Fig. 9.
Even though the ideal setup cannot be immediately applied

to experiments for the moment, it will stimulate further ex-
perimental research into the characteristics of two-layer sys-
tems.

The normal modes of the bilayer system are dependent
not only on the CR and the MR between the two types of
particles but also strongly on the interlayer separation. In
principle, when the interlayer separation is small, only at
small values and large values of the CR does the first excited
state correspond to ISR, while when the interlayer distance is
above a critical value, the LNFM corresponds only to ISR no
matter the value of the CR. Meanwhile, the corresponding
relation is related to the ratio of the numbers of the two kinds
of particles in different shells. Similar behaviors also occur
in systems consisting of particles with different MRs. Analo-
gous characteristics are also contained in the corresponding
relation between the highest excited state and the breathing
mode. The shearlike and compressionlike modes of particles
with fixed charge and/or mass in one layer can be tuned by
varying the charge and/or mass of the particles in the other
layer. Because the normal modes can be adjusted by chang-
ing the properties of the particles in the other layer at a
certain interlayer separation, we expect that the stability and
the melting of particles with fixed charge and mass can be
adjusted accordingly. Furthermore, the behavior of the inter-
shell rotation melting indicates that a system with more par-
ticles has a lower melting temperature; additionally, the tem-
perature can be adjusted by varying the CR and MR of the
two types of particles as well as the interlayer separation.
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FIG. 9. �Color online� Sketch of the ideal experimental setup.
The two kinds of particles are illuminated by laser sheets with dif-
ferent frequencies and described by balls with different colors
�gray� and size. They are confined in two parallel transparent slip-
pery plates with shallow homocentric circular parabolic troughs.
The particle trajectory is recorded by a video camera from the top.
The side view cameras are used to confirm that the particles in each
plate are indeed within only a single layer.
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